Pricing Kernel Monotonicity
and Conditional Information
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“classical” nonparametric SDF estimator. Existing research has found that it is
typically a decreasing function of the market return over much of its range, but
it is also often increasing over part of its range. Important improvements in the
classical method over time have not changed this result.'

An investor’s first-order conditions give the basic consumption-based

model,
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Let us find the value at time ¢ of a payoff x,1,. If you buy a stock today, —
the payoff next period is the stock price plus dividend, x,41 = pir1 + di11.
X.+1 1s a random variable: an investor does not know exactly how much he
will get from his investment, but he can assess the probability of various
possible outcomes. Do not confuse the payoff x,.1 with the profit or return;
x,+1 1s the value of the investment at time ¢ + 1, without subtracting or
dividing by the cost of the investment.




Pricing Kernel
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« If FQ and FP are measures induced by the risk-neutral and physical cumulative distribution
functions, the SDF can be expressed as a change of measure between two conditional probability

measures where each probability is conditional on the same information set,Ft.
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Econom ‘o
Actuyal rob Call (K = 1)
0_5 ’ 1.2214 up-state 0.2214 =(0.2214%0.9+0x0.1)/0.1
=0.1993/0.1
Stock 1 =0.1811
0.1 0.8187 down-state O
But, the true price is only 0.1406
09 1.1000 up-state
Bond 1

— risk-free rate = 10%

0.1 1.1000 down-state
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The reason for the difference is that investors receive the payoff from the call in the up state when they
are already wealthy. In that state, they have less appreciation for additional cash flows and will
accordingly pay less for the call. Therefore, to work out the true price of the call, we must turn to the
concept of STATE PRICES. The state price is what an investor is willing to pay for the certain payment of
1.00 in the certain state.

Figure 2. Simple One-Period, Two-State

Economy State price
Actua(l)'g T 1.2214 up-state TCy
Stock 1 > 1=m,1.2214 + 7,0.8187
0.1 0.8187 down-state Mg
0.9 1.1000 up-state Ty
Bond 1 -»1=m,1.1+m 1.1

0.1 1.1000 down-state T4 T, = 06350, Ty = 0.2741
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« The sum of the state prices has to be equal to the price of a bond, which pays 1.00 in each state
(1/1.1 = 0.9091). 1 = 7,1.1 + 7,41.1 — 0.9091 = 7, + 7,

* A convenient step to get risk-neutral probabilities is multiplying the state prices by the inverse of
the price of this unit bond.

- inverse of the price = 1/0.9091 = 1.1 = risk-free rate r”

P; = rTm;, P, = 0.6350 x 1.1= 0.6985
Po_ | AT P, =0.2741 x 1.1= 0.3015.
B < 5-6= rT =
Fat T Call price
el _XiPipayoff;
==

Pa=lrTi7Lin |, |Pa =t A
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Figure 2. Simple One-Period, Two-State (S, —K)* risk-neutral probabilities

Economy
Actual prob.
‘ ""OE © 1.2214 up-state 0.2214 P, = 0.6985
Stock 1
P, = 0.3015
0.1 0.8187 down-state 0
09 1.1000 up-state Call (K =1)
. (0.6985%0.2214+0.3015X0)
Bond 1 — risk-free rate = 10% = 1
0.1 1.1000 down-state =0.1406

m, = 0.6350,t; = 0.2741
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The ratio of state prices to actual probabilities is called the PRICING KERNEL(m) or STOCHASTIC DISCOUNT FACTOR.
Define m = 1/Q, where Q is the actual probability.

P;=rlm,
m=e~"T2 T
oo T Q T - m= 0 Call price
cerme Eed _XiPipayoffi
= T

Qi
=ZiQ_i7Ti payof f;
= )., m;Q; payoff;

risk neutral prob;
m; = i = L = r T
‘" actual prob; actual prob; actual prob;

risk neutral prob;
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The ratio of state prices to actual probabilities is called the PRICING KERNEL(m) or STOCHASTIC DISCOUNT FACTOR.
Define m = 1/Q, where Q is the actual probability.

Figure 2. Simple One-Period, Two-State

Economy State price Pricing kernel
Actual prob.
0.5 1.2214 up-state m, = 0.6350 m,, = 0'2??’950 = 0.7056
Stock 1
02741 _
0.1 0.8187 down-state 7q = 0.2741 mg = —— = 2.7410
0.9 1.1000 up-state

Bond 1

0.1 1.1000 down-state
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The ratio of state prices to actual probabilities is called the PRICING KERNEL(m) or STOCHASTIC DISCOUNT FACTOR.
Define m = 1/Q, where Q is the actual probability.

Pricing kernel « When the investor is poor, he or she treats 1.00 received as if it happened
o eaco with about three times the likelihood that it really did happen. When the
m, = ——— = 0.7056 investor is rich, he or she treats 1.00 received as if it happened with only

about three-quarters of the likelihood that it really did.
02741 « Such an investor is risk averse because he or she does not like exposure to
myg = —— = 2.7410 the down state at all and is willing to pay to avoid it.
« For a risk-averse investor, the pricing kernel is decreasing in wealth, as is
the case here

Theoretical Pricing Kernel T [# = & AN ERIEEFAY 1 BRI
Theoretical Pricing Kernel _E7} = #&& A B FLEFEY 1 B2 AT 2B




Consistency

« Most estimates are inconsistent for the true pricing kernel because they compare a forward-
looking, conditional risk-neutral density estimated with option prices to a backward-looking,

essentially unconditional physical density estimated with historical returns.

Researchers should take care to estimate the densities in a conditional,
forward-looking manner. For estimation of the numerator, most researchers

rely on the result of Breeden and Litzenberger (1978), that =+ dF =e'l g Kcz , where
C represents the option price, K represents strike prices and dFQ represents

the risk-neutral density over possible realizations of the underlylng. Since we

typically observe option prices with a number of strike prices K, we are able to

estimate the derivative ddFI? over a collection of points K. Various techniques for

estimating or interpolating values of the density between observed strike prices
have been proposed in the literature. This gives an estimate of the risk-neutral
density that 1s forward-looking and conditional on all information investors use
to set prices.



Consistency

Assumption 1. The true SDF is proportional to the ratio of two densities, both

of which are conditional on all available information available at z: m,(x;;4)=
—rs dFQ(xr+s|-7:r)
dFP (xp451F1)

Assumption 2. Econometricians only observe a subset of all information,
S, CF,.

Assumption 3. Econometricians use estimators that are pointwise consistent
for the risk-neutral density conditional on F, and the physical density
conditional on S;, denoted dF¢*(x,4s|F;) and dF7*(x,45|S;) respectively.



Consistency

Proposition 1. Given Assumptions 1-3, the classical estimate m}(x;5)=

0%
=7 f;: P*g”"l?)) 1s pointwise consistent for the true SDF, m;,(x,,,), if and only
I+ t

if dIFY (x| F1) =dF " (x145|Sp).

The proof of this proposition 1s very simple. Since we have assumed that
we have two pointwise consistent estimators, the classical estimate converges
pointwise to
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Consistency

Proposition 1. Given Assumptions 1-3, the classical estimate m}(x;5)=
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—rs ﬁ; P*gmll?)) 1s pointwise consistent for the true SDF, m,(x,,y), if and only
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if dIFY (x| F1) =dF " (x145|Sp).

The proof of this proposition 1s very simple. Since we have assumed that
we have two pointwise consistent estimators, the classical estimate converges
pointwise to
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Given that many of the nonmonotonicity papers use only past index prices to
estimate the physical density, this assumption seems unlikely to hold in practice.




CDI method (Conditional density integration)

* risk-neutral density

1. fit a fourth-degree spline to implied volatilities associated with each observed strike price.
— create a continuous curve in the implied volatility space.

2. convert the implied volatility curve back to the price space

dF9 ) 92C
dK — 3K2

over prices, K.

Q
3. where FQ represents the risk-neutral COF and ar= represents the densit
P x Tep \Y




CDI method (Conditional density integration)

For any continuous random variable X with CDF ¥, the random variable
defined by F(X) is uniformly distributed on the interval [0, 1],

F(X)~UJ[0,1]. 4)

We let FP(x,.5|F;) be the unobserved probability measure representing
investors’ aggregate beliefs about returns on the S&P 500 under the physical
measure between time ¢ and 7 +s and let returns over the subsequent period be
given by x;,,. Now it follows from Equation 4, that
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Spline
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Clamped Spline
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Natural Spline
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B-Spline
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CDI method (Conditional density mtegratlon)

Use finite order cubic B-splines to approximate the function g.

g(y)~ ZQ;’ Bj(y),
J=1
X b X
f g(NAFC ()~ 0 f B;i(»)dF2(y).
—00 . — 00

J=1
g y=0'B, (C2)

where 6=(64,...., 0p) and éz(él, ..... éb)’ . B 1s a data matrix where each row 1s a spline basis

function evaluated over the support of our return data.



CDI method (Conditional density integration)

D —1@l j
T ) )
A T b X; 1
O=argminy | )~ Y:@-f Bi(WdFe(y») | —— | .
._1 —0

+1
geRl =1 | i=1 J

L\ 40) / /

where we use the fact that the jth moment of the uniform distribution over the unit interval is equal

to —— and we use the first 7 moments in estimating the vector 6.

j+1
HesmEY - 9926 U0, 1] WEEELRNBIEMAS  ERREEN
REEHENEETL
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CDI method (Conditional density integration)

grs=0'B, (C2)
where 0=(6y,....,0,) and éz(él,....,éb)’. B 1s a data matrix where each row 1s a spline basis

function evaluated over the support of our return data.
( Vo)
m T b X; 1
Y 6| BidFE» | -
/ P iy 1 y . ’
=1 | i=1 7%

ézargmin?j Y
6 cRP j=1]1 t
\ o\ 20) J )

Once we have the estimated 6, it is straight forward to estimate g. We simply need to substitute

6 into Equation (C2) to obtain our estimate for g, the inverse of the Radon-Nikodym derivative,
Q Q

%, for all . By Equation (2), % = g;l T for all . So our estimated SDF 1s given by e™
t t 3

reT |
(Xt g)’




Paper Q density
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