
Pricing Kernel Monotonicity 
and Conditional Information



Pricing Kernel

• 反映了投資者對財富的邊際效用



Pricing Kernel

• 在資產定價中，pricing kernel為轉換真實機率測度到風險中立機率測度的工具

• If FQ and FP are measures induced by the risk-neutral and physical cumulative distribution 

functions, the SDF can be expressed as a change of measure between two conditional probability 

measures where each probability is conditional on the same information set,Ft. 



Pricing Kernel
• 當財富上升，risk-aversion pricing kernels直覺應下降，但研究表明並非如此

up-state

down-state

up-state

down-state

Actual prob.

→ risk-free rate = 10%

Call (K = 1)
=(0.2214x0.9+0x0.1)/0.1
=0.1993/0.1
=0.1811

(𝑆𝑡 − 𝐾)+

0.2214

0
But, the true price is only 0.1406

此為定價錯誤例子其實應
使用risk-neutral prob.



Pricing Kernel
• 當財富上升，risk-aversion pricing kernels直覺應下降，但研究表明並非如此

up-state

down-state

up-state

down-state

Actual prob.

The reason for the difference is that investors receive the payoff from the call in the up state when they 
are already wealthy. In that state, they have less appreciation for additional cash flows and will 
accordingly pay less for the call. Therefore, to work out the true price of the call, we must turn to the 
concept of STATE PRICES. The state price is what an investor is willing to pay for the certain payment of 
1.00 in the certain state.

𝜋𝑢

𝜋𝑑

State price

𝜋𝑢

𝜋𝑑

→ 1 = 𝜋𝑢1.2214 + 𝜋𝑑0.8187

→ 1 = 𝜋𝑢1.1 + 𝜋𝑑1.1

𝜋𝑢 = 0.6350, 𝜋𝑑 = 0.2741



State price
State price 代表市場 「現在」 願意支付多少錢，以獲得特定未來狀態下的 1 塊錢報酬。 (已折現)



Pricing Kernel
• 當財富上升，risk-aversion pricing kernels直覺應下降，但研究表明並非如此

• The sum of the state prices has to be equal to the price of a bond, which pays 1.00 in each state 
(1/1.1 = 0.9091). 1 = 𝜋𝑢1.1 + 𝜋𝑑1.1→ 0.9091 = 𝜋𝑢 + 𝜋𝑑

• A convenient step to get risk-neutral probabilities is multiplying the state prices by the inverse of 
the price of this unit bond. 

• inverse of the price = 1/0.9091 = 1.1 = risk-free rate 𝑟𝑇

𝜋𝑢 = 0.6350, 𝜋𝑑 = 0.2741

Call price

=σ𝑖 𝑃𝑖 𝑝𝑎𝑦𝑜𝑓𝑓𝑖

𝑟𝑇



Pricing Kernel
• 當財富上升，risk-aversion pricing kernels直覺應下降，但研究表明並非如此

up-state

down-state

up-state

down-state

Actual prob.

→ risk-free rate = 10%

Call (K = 1)

=
(0.6985×0.2214+0.3015×0)

1.1
=0.1406

(𝑆𝑡 − 𝐾)+

0.2214

0

P𝑢 = 0.6985 

P𝑑 = 0.3015

risk-neutral probabilities

𝜋𝑢 = 0.6350, 𝜋𝑑 = 0.2741



Pricing Kernel
• 當財富上升，risk-aversion pricing kernels直覺應下降，但研究表明並非如此

The ratio of state prices to actual probabilities is called the PRICING KERNEL(m) or STOCHASTIC DISCOUNT FACTOR.
Define m = π/Q, where Q is the actual probability.

Call price

=σ𝑖 𝑃𝑖 𝑝𝑎𝑦𝑜𝑓𝑓𝑖

𝑟𝑇

=σ𝑖
𝑄𝑖

𝑄𝑖
𝜋𝑖 𝑝𝑎𝑦𝑜𝑓𝑓𝑖

=σ𝑖𝑚𝑖𝑄𝑖 𝑝𝑎𝑦𝑜𝑓𝑓𝑖

𝑚𝑖 =
𝜋𝑖

𝑎𝑐𝑡𝑢𝑎𝑙 𝑝𝑟𝑜𝑏𝑖
=

𝑟𝑖𝑠𝑘 𝑛𝑒𝑢𝑡𝑟𝑎𝑙 𝑝𝑟𝑜𝑏𝑖
𝑟𝑇

𝑎𝑐𝑡𝑢𝑎𝑙 𝑝𝑟𝑜𝑏𝑖
= 𝑟−𝑇

𝑟𝑖𝑠𝑘 𝑛𝑒𝑢𝑡𝑟𝑎𝑙 𝑝𝑟𝑜𝑏𝑖
𝑎𝑐𝑡𝑢𝑎𝑙 𝑝𝑟𝑜𝑏𝑖

m = 𝑒−𝑟𝑇 𝑃

𝑄

P = 𝑒𝑟𝑇𝜋 → 𝑒−𝑟𝑇P = π
→ 𝑚 =

𝜋

𝑄



Pricing Kernel
• 當財富上升，risk-aversion pricing kernels直覺應下降，但研究表明並非如此

up-state

down-state

up-state

down-state

Actual prob.

The ratio of state prices to actual probabilities is called the PRICING KERNEL(m) or STOCHASTIC DISCOUNT FACTOR.
Define m = π/Q, where Q is the actual probability.

𝜋𝑢 = 0.6350

𝜋𝑑 = 0.2741

State price

m𝑢 =
0.6350

0.9
= 0.7056 

Pricing kernel

md =
0.2741

0.1
= 2.7410 



Pricing Kernel
• 當財富上升，risk-aversion pricing kernels直覺應下降，但研究表明並非如此

The ratio of state prices to actual probabilities is called the PRICING KERNEL(m) or STOCHASTIC DISCOUNT FACTOR.
Define m = π/Q, where Q is the actual probability.

m𝑢 =
0.6350

0.9
= 0.7056 

Pricing kernel

md =
0.2741

0.1
= 2.7410 

• When the investor is poor, he or she treats 1.00 received as if it happened 
with about three times the likelihood that it really did happen. When the 
investor is rich, he or she treats 1.00 received as if it happened with only 
about three-quarters of the likelihood that it really did. 

• Such an investor is risk averse because he or she does not like exposure to 
the down state at all and is willing to pay to avoid it.

• For a risk-averse investor, the pricing kernel is decreasing in wealth, as is 
the case here

Theoretical Pricing Kernel 下降 ⇒ 投資人較不重視此時的 1 單位報酬
Theoretical Pricing Kernel 上升 ⇒ 投資人較重視此時的 1 單位報酬



Consistency
• Most estimates are inconsistent for the true pricing kernel because they compare a forward-

looking, conditional risk-neutral density estimated with option prices to a backward-looking, 

essentially unconditional physical density estimated with historical returns.



Consistency



Consistency



Consistency



CDI method (Conditional density integration)
• risk-neutral density

1. fit a fourth-degree spline to implied volatilities associated with each observed strike price.

→ create a continuous curve in the implied volatility space.

2. convert the implied volatility curve back to the price space

3. where 𝔽Q represents the risk-neutral CDF and 𝑑𝔽
Q

𝑑𝐾
represents the density 

over prices, K.



CDI method (Conditional density integration)

𝑔𝑡,𝑠



Spline
Spline（樣條），數學上，通常指一條「分段多項式曲線」（piecewise polynomial curve），各段在節點（knots）
處滿足某種連續性條件（例如函數值、導數值連續）。最常見的是「三次樣條」（Cubic Spline），即每一段是三
次多項式，並在節點上保持函數與一階、二階導數連續。

主要特性
• 分段性：將定義域切分成若干小區間，每段使用一個低次多項式表示。
• 平滑性：在相鄰區間的分界節點，要求函數值與導數（常至少到二階）連續，達到整條曲線平滑過渡。
• 插值或擬合：Spline 可以用來插值，即通過給定的「觀測點」精確匹配，也可以用來回歸/擬合（加入誤差

項或懲罰項），以平滑方式近似一組散亂數據。

分段三次多項式的概念假設你有 𝑛+1 個給定資料點 {(𝑥0,𝑦0),(𝑥1,𝑦1),…,(𝑥𝑛,𝑦𝑛)}，想要找一條平滑曲線去「插值」經
過這些點。「一般三次 Spline 插值」就是在每對相鄰節點 [𝑥𝑖, 𝑥𝑖+1]上，分別用一段三次多項式𝑆𝑖(𝑥,𝑥∈[𝑥𝑖, 𝑥𝑖+1]來
描述。這樣總共會有 𝑛 段，每段各有 4 個係數 (𝑎𝑖,𝑏𝑖,𝑐𝑖,𝑑𝑖。整條插值曲線由這 𝑛段連續拼起來。



Clamped Spline
Clamped Spline (固定端點樣條)，其主要特點是對「端點節點」（knot）做重複（multiplicity），使得在最左最
右兩端，Spline 函數的值、以及一階、二階導數能以特定方式貼合「邊界條件」。
最常見的做法是對三次樣條（order=4），把左右端點各重複 4 次

主要特性
• 在 最左端 x = a 上，Clamped Spline 強制使曲線值 𝑆(𝑎)S(a) 恰好等於「觀測（或指定）的邊界值」。同時

通過重複節點，也讓那條基底的導數或二階導數在 x=a 保持平滑連續。同理，在 最右端 x = b 上，也能將
曲線值 𝑆(𝑏)S(b) 固定於某一數值。

• 這種「clamped」方式確保曲線在端點極為貼合給定的邊界要求，也能保持端點附近“曲率有限”，不會
像自由曲線那樣邊界劇烈擺動



Natural Spline
Natural Spline（自然樣條）是一種在端點二階導數設為零的三次樣條插值方法。具體要求：在所有節點 𝑥𝑖x i 處，
Spline 會精確通過 (𝑥𝑖,𝑦𝑖)，且保持一階、二階導數連續。在最左端 𝑥=𝑎x=a 和最右端 𝑥=𝑏x=b 處，強制 𝑆′′(𝑎)=0、
𝑆′′(𝑏)=0，也就是「邊界上無曲率，匯合到一個平直狀態」。

主要特性
• Natural Spline 不會硬性「釘住某條基底在端點取 1」，而是在端點讓「曲率＝二階導數＝0」。因此曲線

在邊界附近往往會以「線性」或「次線性」方式延展，減少外推時的劇烈彎曲。

• 相比 Clamped Spline，Natural Spline 更像是在端點「自然放手」：曲線兩端不再被強制到某個值，而是
根據「沒有曲率」的條件往外平滑延伸。



B-Spline
B-spline（Basis spline）是「樣條基底函數」的縮寫。B-spline 本身並不是一條具體的曲線，而是一組「分段多項
式基底」函數。透過 B-spline basis，可以用線性組合的方式拼湊出任意高階樣條曲線。

特性
• 特性局部支撐（Local Support）：每個 B-spline basis 𝐵𝑗(𝑥)只在某段非常有限的「支撐區間」（support 

interval）內非零，離開該區間即為 0。這使得當某個控制點或觀測點改變時，只會影響鄰近區域的形狀，
曲線其他部分保持不變。

• 最低階多項式：常見的是「三次 B-spline」，也就是 order = 4（多項式階數 = 3）。它可在每個節點
（knot）與鄰近節點之間以三次多項式連接。

• 參數化穩定：相比直接用高階全域多項式擬合，B-spline 具有更好的數值穩定性與控制性。

B-spline （Basis spline）一套「用基底函數去表示任意樣條曲線」的框架。
換句話說，你可以把所有的分段三次多項式插值，都寫成「若干條 B-spline 基底 𝐵𝑗(𝑥) 」的線性組合：

其中每條 𝐵𝑗(𝑥) 都是一個局部有非零支撐的三次多項式基底（它只在某一小段區間非零）。
集合這些基底，再搭配合適的係數 {𝑐𝑗}，就能拼出插值曲線或擬合曲線。



Basis function如何取值
Basis function會在指定節點區間中作用
假設有節點𝑡1, 𝑡2, …… , 𝑡𝑛

有一0次Basis function在[𝑡1, 𝑡2]中作用→ B 𝑡1, 𝑡2
0 (𝑥) = ቊ

1, 𝑡1 ≤ 𝑥 < 𝑡2
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

n次Basis function在[𝑡𝑖, 𝑡𝑖+𝑛+1]中作用

B 𝑡𝑖, 𝑡𝑖+𝑛+1
𝑛 𝑥 =

𝑥−𝑡𝑖

𝑡𝑖+𝑛−𝑡𝑖
B 𝑡𝑖, 𝑡𝑖+𝑛
𝑛−1 𝑥 +

𝑡𝑖+𝑛+1−𝑥

𝑡𝑖+𝑛+1−𝑡𝑖+1
B 𝑡𝑖+1 𝑡𝑖+𝑛+1
𝑛−1 𝑥 …  遞迴公式



以論文中程式邏輯及4base cubic B spline 為例：

給定區間[min,max]，要算出B[𝑚𝑖𝑛,𝑚𝑎𝑥]
3,1 (𝑥), B[𝑚𝑖𝑛,𝑚𝑎𝑥]

3,2 (𝑥), B[𝑚𝑖𝑛,𝑚𝑎𝑥]
3,3 (𝑥), B[𝑚𝑖𝑛,𝑚𝑎𝑥]

3,4 (𝑥)
如何取knots？

需要的knots數(包含邊界) = base-2 = 2
會在[min,max]均勻取點
邊界節點重複4次，確保靠近邊界的點可控

以4base cubic B spline 為例: knots = 𝑚𝑖𝑛,𝑚𝑖𝑛,𝑚𝑖𝑛,𝑚𝑖𝑛,𝑚𝑎𝑥,𝑚𝑎𝑥,𝑚𝑎𝑥,𝑚𝑎𝑥 = 𝑡1, 𝑡2, 𝑡3, 𝑡4, 𝑡5, 𝑡6, 𝑡7, 𝑡8
後續以𝑛代替𝑚𝑖𝑛,𝑚代替𝑚𝑎𝑥

B 𝑛,𝑚
3,1 𝑥 在 𝑡1, 𝑡5 上作用 =

1 , 𝑖𝑓 𝑥 = 𝑛

0 <
(𝑚 − 𝑥)3

𝑚 − 𝑛 3

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

< 1 , 𝑖𝑓 𝑛 < 𝑥 < 𝑚

B 𝑛,𝑚
3,4 𝑥 在 𝑡4, 𝑡8 上作用 =

1 , 𝑖𝑓 𝑥 = 𝑚

0 <
(𝑥 − 𝑛)3

𝑚 − 𝑛 3

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

< 1 , 𝑖𝑓 𝑛 < 𝑥 < 𝑚

B 𝑛,𝑚
3,2 𝑥 在 𝑡2, 𝑡6 上作用 = ൞0 < 3

(𝑥 − 𝑛) 𝑚 − 𝑥 2

𝑚 − 𝑛 3 < 3 , 𝑖𝑓 𝑛 < 𝑥 < 𝑚

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

B 𝑛,𝑚
3,3 𝑥 在 𝑡3, 𝑡7 上作用 = ൞0 < 3

(𝑥 − 𝑛)2 𝑚 − 𝑥

𝑚 − 𝑛 3 < 3 , 𝑖𝑓 𝑛 < 𝑥 < 𝑚

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒





CDI method (Conditional density integration)
Use finite order cubic B-splines to approximate the function g.



CDI method (Conditional density integration)
少一個

1

T



CDI method (Conditional density integration)



Paper Q density
1. 排除best bids (or last prices when bids are not available) < $3/8的選擇權數據，低價往往會提供誤導性的

數據，因為它們處於 deep in the money or deep out of the money
2. 使用strike price to creat implied volatility curve
3. convert the implied volatility curve back to the price space (生成更多選擇權價格)
4. price對strike price二次為分計算Q density
5. 1.的數據篩選造成truncated Q density
6. 需使用generalized Pareto distribution補足tail的數據

Our model
1. 訓練時即考慮deep 

moneyness
2. 可正確預測價格，錯價風險

較小
3. 較好的Q density
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